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The p r o p e r t i e s  of coupled ther rnoe las t i c  ha rmonic  waves a r e  analyzed,  with the finite ve loc-  
ity of heat  propagat ion  taken into account.  

Le t  a plane wave t r ave l  in an infinitely l a rge  medium along the x l - ax i s  , this wave being a ha rmonic  
function of t ime.  Such a wave may  be excited t h e r m a l l y  or  mechanical ly .  At any instant  of t ime  such a 
plane wave is fixed in any plane orthogonal  to the di rect ion of t r ave l  x 1 and the t e m p e r a t u r e  is constant .  
F o r  this r eason ,  the d i sp lacements  u i and the t e m p e r a t u r e  0 a r e  functions of the space  coordinate  x I and 
of t ime  t.  In this case  the equations of  coupled t he rmoe l a s t i c i t y  with a finite ve loci ty  of heat  propagat ion 
become  much s imp le r :  
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0" + n % = O, (5) 

w h e r e  

n~ = co s . o~ ~ i¢o . pz # 
C~ n~=  C2 ", q = .  , = ~  (6) 

Since t r a n s v e r s e  w a v e s  a t  a f ixed  f r e q u e n c y  w - t r a v e l  a t  a cons t an t  ve loc i t y ,  wi thout  caus ing  v o l u m e  
changes  o r  d i s t o r t i o n s  of  the t e m p e r a t u r e  f ie ld ,  l e t  us a n a l y z e  the s y s t e m  of  equa t ions  (4). 

We e l i m i n a t e  f r o m  (4) the t e m p e r a t u r e  0 and s e e k  the  so lu t ion  to  the  r e s u l t i n g  equat ion in the  f o r m :  

u~ = u~e ~ ,  O~ = Ooe ~ ' ,  (7) 

wh ich  y i e lds  the  c h a r a c t e r i s t i c  equat ion  

k '  - -  k * in 2 + (q + P*) (1 q- e)] + n~(q + P~) = 0, /8) 

w h e r e  e = mT}a is  the  coupl ing  p a r a m e t e r .  

W e  now c a l c u l a t e  the  r o o t s  of  Eq.  (8): 

1 k~,2= ~ - {n  + (q+ P')(I -}-e)-+- ] / [n '  + ~ ( q + P ' ) ( l + e ) ] 2 _ 4 n , ( q + p , ) } .  (9) 

When s = O, we  h a v e  

kl  = n, I%= 1 q + p S .  (10) 

Denot ing  the  p h a s e  v e l o c i t y  b y  Vfl (/3 = 1, 2) and the  a t t enua t ion  f a c t o r  by  ~/3, we have  
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I n s e r t i n g  (7) into (4) y i e ld s  
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Now we can  w r i t e  the  so lu t ion  to  s y s t e m  (4) as  
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We  have  ob ta ined  h e r e  e x p r e s s i o n s  f o r  longi tudina l  t h e r m o e l a s t i c  w a v e s  t r a v e l i n g  a t  a cons t an t  f r e q u e n c y  
a long  a x e s  x 1 and . - x  1. 

T a k i n g  into accoun t  (11), we r e w r i t e  (13) and  (14) as  fo l lows:  
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F o r m u l a s  (15) and (16) d e s c r i b e  a modif ied  e las t i c  wave  and a heat  wave,  r e s p e c t i v e l y ,  t hese  waves  beh  N 
sub jec t  to  a t tenuat ion  and d i s p e r s i o n ,  while without  coupl ing be tween the t e m p e r a t u r e  f ield and the  s t r a i n  
f ield taken into accoun t  t h e r e  would be n e i t h e r  a t tenuat ion no r  d i s p e r s i o n .  

We  now t r a n s f o r m  (9) a f t e r  in t roduc ing  the fol lowing notat ion 

= C~ k ' ~ o .  C~ r (17) a ' % = ~ 7 ,  
I o  

�9 so  tha t  

with M = C ~ / V  T. 

The  solut ion to (18) is 

~a - -  ~ %  [% -I- (1 + e) (i + M~Z)] + Z 3 (i @ ZM e) = 0, (is) 
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o r  
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The  r o o t s  depend on the na t u r a l  f r e q u e n c y  of  the  m a t e r i a l  wx = C~/a ,  the coupl ing p a r a m e t e r  e, the Math  
n u m b e r  M, and the p a r a m e t e r  • = w / w x .  F o r  feas ib le  m e c h a n i c a l  v ib ra t ions  we  m a y  a s s u m e  tha t  • << 1. 

We next  expand (20) into a power  s e r i e s  in • and change to kt: 
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Separa t ing  the r e a l  p a r t  and the i m a g i n a r y  p a r t  o f  (22), we have 

= %2 
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w h e r e  C s = Ct(1 + e) 1/2 is the ad iaba t i c  phase  ve loc i t y  of  the expansion wave.  

A c c o r d i n g  to  (11), we def ine  the p h a s e  ve loc i ty  as  fol lows:  

V I =  o =C8 1 ~  ~ ( 4 - - 3 ~ ) §  M2(l §  § 2 4 7  M~(1-'.-~)~)] . (25) 
Re kl 8 (1 + ~)s 

When • << 1, t h e r e f o r e ,  the  p h a s e  ve loc i t y  is independent  of  the f r equency  4', i .e . ,  the expansion wave 
has  no d i s p e r s i o n ,  but depends on the ve loc i ty  of hea t  p ropaga t ion  ins tead.  

F o r m u l a  (25) can be used for  d e t e r m i n i n g  the ve loc i t y  of  hea t  p ropaga t ion  f r o m  t e s t s ,  which r e q u i r e s  
an a c c u r a t e  m e a s u r e m e n t  of the phase  ve loc i ty  of  the longi tudinal  e l a s t i c  wave ,  i n a s m u c h  as  C s = Cl(1 
+ e) t / 2 ,  C~ = (X +2/~) /p ,  etc.  F r o m  (25) one can ca lcu la te  M = C 1 / V  T fo r  X << i .  Coeff ic ien t  I m k  1 =Or is 
a pos i t i ve  quant i ty  and,  t h e r e f o r e ,  the ampl i tude  of  t h e w a v e d e e r e a s e s  exponent ia l ly  within the hea t  c o n -  
duct ing  medium.  

Ana logous ly  we can d e t e r m i n e  the p h a s e  ve loc i ty  V 2 and the  a t tenuat ion f a c t o r  ~2 of  a q u a s i t h e r m a !  
w a v e .  

When the  'veloci ty of  hea t  p ropaga t ion  is infinite,  then M = 0 and 
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e (4 ~ 38) X z) ~. C,. (26) 
VI=C ,  1 8 ( 1 - ~ 8 )  4 

In this pa r t i cu la r  case  one may assume that,  when M > 1, the M6(i + e) 6 t e r m  contr ibutes most  to the 
phase veloci ty  and, for this r eason ,  one may rewr i t e  (25) as 

VI=Cs {1 8 (4 - -  38) -~- M" (1 -b 8)" - b &  X~}, (27) 

o r  

l1 - 8(4--38)+. 82M% ( 3 -  e ) ( 1 ( 1  + 8)' + e)2 %u} . (28) VI = C, 

when M < i .  

F o r  the wave cons idered  he r e  we will de te rmine  now the re la t ive  energy dispers ion AW/W, where  
AW denotes the energy  d i spersed  during one s t r e s s  cycle  and W denotes the elast ic  energy  s tored  in the 
body up to the instant of t ime  when the s t ra in  becomes  maximum. Le t  u 1 and u 2 be success ive  displacement  
ampli tudes.  Approximately,  AW/W can be expressed  as 

2 2 2 (ul  - -  ~ )  _ 2 in ul A__WW = ul - -  u~ ,~ ~ .  (29) 
W u~ u~ u2 

However ,  

u~ = u~exp [R2e~ ~ Imk, 1 , 

and taking into account (23)-(24), we obtain 

5___WW 4FI Imk 1 _ 2Ilez 1 [8(4 - -  38) 
W Re k a (1 + e) u 8 (1 -~ 8) a 

+ M* (1 + e)* (28 (3 - -  e) - -  M* (2 + 8) (l--e*)) + M' (1 + 8)*]} (30) 

o r  

=--( / AW 217ex 1 [8 (4 - -  38) + M n (1 + e) n] . (31) 
W (1 + & 8 (1 + 8) ~ 

The phase ve loc i ty  of  a the rmoe las t i c  wave is equal to the adiabatic phase veloci ty  of the expansion 
wave when the veloci ty  of heat  propagation is Infinite [1, 3], but, according to Eqs.  (26) and (27), is lower  
than that by an amount of the o rde r  of about (M6X 2/8)C s when the veloci ty  of heat propagation is recognized 
as finite.  When the relaxat ion t ime  in sol ids,  as shown in [2] for  conductors  at M > 1, is accounted for ,  
then obviously the d e c r e a s e  In the phase veloci ty  ceases  to be negligible.  In po lymers  at M = 1 the de-  
c r e a s e  In the phase veloci ty is insignificant,  even when the veloci ty of heat propagation is p roper ly  con-  
s idered  as finite. An analysis  of the re l a t ive  energy  dispers ion according to (31) indicates that,  when the 
veloci ty  of heat  propagation is assumed infinite (M = 0), it is higher  than the re la t ive  energy dispers ion 
at  a finite veloci ty  of  heat  propagation.  

Thus,  the preced ing  analysis  of coupled harmonic  the rmoe las t i c  waves has shown that not accounting 
for the finite ve loc i ty  of heat propagation will yield a higher  value for  the phase veloci ty  of thermoelas t ic  
waves in metals  and also in a h igher  value for the re la t ive  energy d ispers ion .  The r e su l t  is analogous 
for  the rmoe las t i c  waves t ravel ing  In po lymers ,  but the d iscussed effects  a re  weaker .  In po lymers  with 
a coupling p a r a m e t e r  E within the 0.2-0.5 range these  effects  may not be d i s regarded .  
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N O T A T I O N  

is the displacement;  
is the t empera tu re ;  
is the longitudinal ve loci ty  of sound in the medium; 
is the t r a n s v e r s e  veloci ty  of per turbat ions  in the medium; 
is the frequency; 
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is the thermal conductivity; 
is the velocity of heat propagation; 
are  the Lain6 constants; 
is the thermal diffusivlty; 
is the relaxation time. 
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